9 Expectation and Variance

Two numbers are often used to summarize a probability distribu-
tion for a random variable X. The mean is a measure of the cen-
ter or middle of the probability distribution, and the variance is a
measure of the dispersion, or variability in the distribution. These
two measures do not uniquely identify a probability distribution.
That is, two different distributions can have the same mean and
variance. Still, these measures are simple, useful summaries of the
probability distribution of X.

9.1 Expectation of Discrete Random Variable

The most important characteristic of a random variable is its ex-
pectation. Synonyms for expectation are expected value, mean,
and first moment.

The definition of expectation is motivated by the conventional
idea of numerical average. Recall that the mumerical average of n
numbers, say [@j;@s; vy ay is

1 n
— E Qag.
n
k=1
We use the average to summarize or characterize the entire collec-

tion of numbers ay, ..., a, with a single value.

Example 9.1. Consider 10 numbers: 5, 2, 3, 2, 5, -2, 3, 2, 5, 2.
The average is

5+2+34+24+5+(-2)+3+2+5+2 27
10 S 10

We can rewrite the above calculation as

RS

Z (valve) x ("'\— l:"‘[5-)
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Definition 9.2. Suppose X is a[diséréte random variable, we de-
fine the expectation (or mean or expected value) of X by

IE‘I_X.X:ZxX P[X = x] :ZxXpX(x). (15)
T € SX 7z &-S‘
In other words, The expected value of a discrete random variable

is a weighted mean of the values the random variable can take on
where the weights come from the pmf of the random variable.

e Some references use my or px to represent EX.

e For conciseness, we simply write x under the summation sym-
bol in ; this means that the sum runs over all x values in
the support of X. (Of course, for x outside of the support,
px(z) is 0 anyway.)

9.3. Analogy: In mechanics, think of point masses on a line with
a mass of px(z) kg. at a distance x meters from the origin.
In this model, EX is the center of mass (the balance point).
This is why px(z) is called probability mass function.

1- =)
Example 9.4. When X ~ Bernoulli(p) with p € (0,1), Pl = { r

P,
o

-

(1-£)%0C + px1 = P

Note that, since X takes only the values 0 and 1, its expected
value p is “never seen”.

9.5. Interpretation: The expected value is in general not a typical
value that the random variable can take on. It is often helpful to
interpret the expected value of a random variable as the long-run
average value of the variable over many independent repetitions
of an experiment

1/4, =10
Example 9.6. py () =< 3/4, © =2
0, otherwise
A
EX =0 N + 2_:-’2-‘ =:=;-15—
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B = iie_a(q—)i - i e_a(o.d—)ii +0=¢e¢""(a) i (.Od)i_l
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=0 v =1 & i=1 (Z 1)
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«
— — 6% o - OA -0l
=e ozg —k'—e ae = q. Oxe  +ixoe +2 -
k=0 . .
w) P L=, ©=6 02 ...
Example 9.8. For X ~ B(n,p) 5 (1) = (=) !
) ) lxl .
o, oherwine

n —1)! ) i n—1\ o
=n> g 0o =y ()

Let k =14 — 1. Then,

n—1

_ n—1
n—1 n—1
EX = k1 _ pyn—(k+1) _ k(1 _ g1k
ng:O( f >p (1-p) npgzo L )P (1-p)

We now have the expression in the form that we can apply the
binomial theorem which finally gives

EX =np(p+ (1—p))" = np.

We shall revisit this example again using another approach in Ex-

ample [11.48|

Example 9.9. Pascal’s wager: Suppose you concede that you
don’t know whether or not God exists and therefore assign a 50
percent chance to either proposition. How should you weigh these
odds when deciding whether to lead a pious life? If you act piously
and God exists, Pascal argued, your gain—eternal happiness—is in-
finite. If, on the other hand, God does not exist, your loss, or
negative return, is small-the sacrifices of piety. To weigh these
possible gains and losses, Pascal proposed, you multiply the prob-
ability of each possible outcome by its payoff and add them all up,
forming a kind of average or expected payoff. In other words, the
mathematical expectation of your return on piety is one-half infin-
ity (your gain if God exists) minus one-half a small number (your
loss if he does not exist). Pascal knew enough about infinity to
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know that the answer to this calculation is infinite, and thus the
expected return on piety is infinitely positive. Every reasonable
person, Pascal concluded, should therefore follow the laws of God.
[14], p 76]

e Pascals wager is often considered the founding of the math-
ematical discipline of game theory, the quantitative study of
optimal decision strategies in games.

9.10. Technical issue: Definition is only meaningful if the
sum is well defined.
The sum of infinitely many nonnegative terms is always well-
defined, with 400 as a possible value for the sum.

e Infinite Expectation: Consider a random variable X whose
pmf is defined by

px (z) =

4, x=1,23,...
0, otherwise

Then, ¢ = >.°° , -5 which is a finite positive number (72/6).

n=1 n2
However,
EX =Y k(=Y kil il
k=1 k=1 ck? ¢ k=1 k

Some care is necessary when computing expectations of signed

random variables that take infinitely many values.

e The sum over countably infinite many terms is not always well
defined when both positive and negative terms are involved.

e For example, the infinite series 1 —1+1—1+... has the sum
0 when you sum the terms according to (1—1)+(1—1)+---,
whereas you get the sum 1 when you sum the terms according
tol+(=1+1)+(-14+1)+(-1+1)+---.

e Such abnormalities cannot happen when all terms in the infi-
nite summation are nonnegative.
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It is the convention in probability theory that EX should be eval-

uated as
EX = ZIPX Z(—@Z?X(x)a

>0 <0
e If at least one of these sums is finite, then it is clear what

value should be assigned as EX.

e If both sums are 400, then no value is assigned to EX, and
we say that EX is undefined.

Example 9.11. Undefined Expectation: Let

2cx2?

s, x=41,42 43, ...
0, otherwise

px (z) =
Then,
EX =) kpx (k)= Y (=k)px (k).

k=1 k=—o00
The first sum gives

- - I =1 oo
> hox (=3 ko =53 1 =5
The second sum gives
. > - 1 a1 oo
k;@(—k)px(k)=;kpx( Zk2ck2 2_;%:2_0'

Because both sums are infinite, we conclude that EX is undefined.

9.12. More rigorously, to define EX, we let X = max {X,0} and
X~ = —min{X,0}. Then observe that X = X* — X~ and that
both Xt and X~ are nonnegative r.v.’s. We say that a random

variable X admits an expectation if EXT and EX~ are not
both equal to +00. In which case, EX = EXT —EX .

106



9.2 Function of a Discrete Random Variable

Given a random variable X, we will often have occasion to define
a new random variable by Y = ¢(X), where g(x) is a real-valued
function of the real-valued variable x. More precisely, recall that
a random variable X is actually a function taking points of the
sample space, w € €2, into real numbers X (w). Hence, we have the
following definition

Definition 9.13. The notation Y = ¢(X) is actually shorthand
for YV(w) := g(X(w)).

e The random variable Y = g(X) is sometimes called derived
random variable.

Example 9.14. Let - Px ¢ 22 7
1,2 +1,+2 1 /C e 1
xS, x =
— c ’ =1 1/¢Cc =1
px (x) { 0, otherwise / /1o 1
2 “/c = "’/10 16
and
Y = x*. "2 e =vho g
Find(py(y) and then calculat EX = Z xp,(a
Find Step2 @ Find  pyly) -
S\'ﬁr 1 . Lhe) c. (44 N b :1,‘_1_4__1”1;.‘_ 13‘_"_'_*_—2:‘1
2 Px(u) = 1 F[‘{z.'l] = rlx=1]+ PLX =...1] 10 l \o 10
” _ 2 =0
= 1/10 1'1/10 - T- =jg-
i1—~1—+‘-'-£+i=1 |EY'-2 ¢
c ¢ ¢ ¢ PLY= 0] = PLx=2] +r[X=-2] T2 ) Pyt
10 _ 9 ) 7
= 10
c 175, Y=, = AHet LS L,
Py ¥ = 4 4/5, Y=16, S 5
o otherwire,
9.15. For discrete random variabld®X, the pmf of a derived ran-
dom variable ¥IE=Ig(X) is given by
I, ovr e.xc::‘(lt_, py(y) — Z pX(x) FT( 1) = Z P)’-“")
Y= X wg(a)=

=y (e =

jL') =»L-)Lr 107



Note that the sum is over all z in the support of X which satisfy
g9(x) =y.
Example 9.16. A “binary” random variable X takes only two
values a and b with

P X=b=1-P[X =a] =p.

X can be expressed as X = (b — a)l + a, where [ is a Bernoulli
random variable with parameter p.

9.3 Expectation of a Function of a Discrete Random
Variable

Recall that for discrete random variable X, the pmf of a derived
random variable Y = g(X) is given by

py(y) = Z px().
a:g(x)=y
If we want to compute EY, it might seem that we first have to
find the pmf of Y. Typically, this requires a detailed analysis of g
which can be complicated, and it is avoided by the following result.

9.17. Suppose X is a discrete random variable.
E[o(X)] = Y @@px ().

This is referred to as the law/rule of the lazy/unconcious
statistician (LOTUS) [22, Thm 3.6 p 48],[9, p. 149],[8, p. 50]
because it is so much easier to use the above formula than to first
find the pmf of Y. It is also called substitution rule [21], p 271].

Example 9.18. Back to Example [9.14] Recall that

(2) = 12, v =41,42
px 1 0, otherwise

(a) When Y = X* BY = E[ x"| = 2 gueIPxle) = Z ' -‘%l
”~

o€

10 » lo

2.?'-‘- 12¢
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(b) E2X —1] = é(uq) Pl = % (2e~1) '_C‘_'f = -1-(1:1‘«(-3)(-1)1,,3,,_1

+ L-s)wt-zJ‘)

<[ 1-3+12 -2.0) = -6 . -1
c c

Ly 2(EX) -1 = 2x0 -1 = -1

9.19. Caution: A frequently made mistake of beginning students
is to set E[g(X)] equal to g (EX). In general, E [¢(X)] # g (EX).

1

(a) In particular, E [+] is not the same as .

(b) An exception is the case of an affine function g(x) = ax + b.
See also ((9.23)).

Example 9.20. Continue from Example[9.4] For X ~ Bernoulli(p),

EX = (1-P) xO + x1 2 2
(a) p P IE[X ] # (_I'EX)
(b) E[X?] =0*x (1—p)+1*x p=p# (EX)~
Example 9.21. Continue from Example[9.7. Suppose X ~ P(«).

2 - -2 —aai - - . Oéi_l
E[X]:Zze E:e sz(i—l)!
i=0 i=1

We can evaluate the infinite sum in by rewriting ¢ as 1 —1+1:

(16)

i—1 i—1 0 i—1 0 i—1

X T R e

=1 i=1

S i—2

« . «a X ) )
Plugging this back into (16]), we get
E[XQ} =a(a+1) — 2+

9.22. Continue from Example 0.8 For X ~ B(n, p), one can find
E [X?] = np(1 - p) + (np)*.
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9.23. Some Basic Properties of Expectations
(a) Force R, E[c] =¢
(b) Force R, E[X +¢]=EX +cand E [cX] = cEX

(c) For constants a, b, we have 1E[0~’< to] = 2 (ax tb) pylat)

E[aX+b]:aEX+b :QZK_{;X(“) +L.92F¥Ed)
o x
L
(d) For constants ¢; and co, > \_.:-\_,

E[c191(X) 4 c202(X)] = a1 [91(X)] + e [g2(X)] -
IE % ]E[3x2+ /% ] = 3 [E[>] + E]/x]
(e) For constants cy, o, ..., ¢y,

E

chgk(X)] = aElg(X)].

Definition 9.24. Some definitions involving expectation of a func-
tion of a random variable:

(a) Absolute moment: E [|X|k], where we define E [|X|O} =1

(b) Moment: my, = E [X*] = the k" moment of X, ke N.

e The first moment of X is its expectation EX.
e The second moment of X is E [X 2}.
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9.4 Variance and Standard

An average (expectation) can be regarded as one number that
summarizes an entire probability model. After finding an average,
someone who wants to look further into the probability model
might ask, “How typical is the average?” or, “What are the
chances of observing an event far from the average?” A measure
of dispersion/deviation/spread is an answer to these questions
wrapped up in a single number. (The opposite of this measure is
the peakedness.) If this measure is small, observations are likely
to be near the average. A high measure of dispersion suggests that
it is not unusual to observe events that are far from the average.

Example 9.25. Consider your score on the midterm exam. After
you find out your score is 7 points above average, you are likely to
ask, “How good is that? Is it near the top of the class or somewhere
near the middle?”.

Example 9.26. In the case that the random variable X is the
random payoff in a game that can be repeated many times under
identical conditions, the expected value of X is an informative
measure on the grounds of the law of large numbers. However, the
information provided by EX is usually not sufficient when X is
the random payoff in a nonrepeatable game.

Suppose your investment has yielded a profit of $3,000 and you
must choose between the following two options:

e the first option is to take the sure profit of $3,000 and

e the second option is to reinvest the profit of $3,000 under the
scenario that this profit increases to $4,000 with probability
0.8 and is lost with probability 0.2.

The expected profit of the second option is
0.8 x $4,000 + 0.2 x $0 = $3, 200

and is larger than the $3,000 from the first option. Nevertheless,
most people would prefer the first option. The downside risk is
too big for them. A measure that takes into account the aspect of
risk is the variance of a random variable. [21], p 35]
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9.27. The most important measures of dispersion are the
standard deviation and its close relative, the variance.

Definition 9.28. Variance:
Var X = E [(X - EX)Z] . (17)
e Read “the variance of X7

e Notation: Dx, or 02 (X), or 6%, or VX [22, p. 51]

e In some references, to avoid confusion from the two expecta-
tion symbols, they first define m = EX and then define the
variance of X by

Var X =E [(X —m)?].

e We can also calculate the variance via another identity:

Var X =E [X?] - (EX)”

e~ ——
Vor X = |E[ LX'"‘J ] ]E[ ~-2mX+m ] IE[X :|+ lE[(-zm) XJ + |f[rn J [E[x ] =
(-2m) IEDC ""n'
e The units of the variance are squares of the units ofhe ran-
dom variable. c —2pm?®

9.29. Basic properties of variance:
E[ (¥ —ns*r)‘]

o VarX <E[X?]. T E[(axok - eEx *)/J)L]
){o Var[cX] = ¢ Var X.

n

e Var X > 0. \/w[a)(i-!p]
N —t

=E[ (ax - aEx)*]

. IE[ (o LX-lEx))"]
= [E[ al(x—rﬁx)‘]
- ot E[(x-Ex" ]

[ e Var|X +¢| = Var X.
— o Var[aX + b] = a® Var X.

Y:O-x’fb 19 Y-_Zx()(-]—l;) =2X+10
k8
Vo Y = & Vo X G, =20,

o, '/Vo.r"( =/a ot = |lalo,



Definition 9.30. Standard Deviation:

ox =/ Var[X].

e [t is useful to work with the standard deviation since it has
the same units as EX.

e Informally we think of outcomes within +ox of EX as being
in the center of the distribution. Some references would in-
formally interpret sample values within +ox of the expected
value, x € [EX — oy, EX 4 0], as “typical” values of X and
other values as “unusual”.

® OuX1+bh — ‘CLIU)(.

9.31. ox and vVar X: Note that the /- function is a strictly
increasing function. Because ox = v/ Var X, if one of them is
large, another one is also large. Therefore, both values quantify
the amount of spread/dispersion in RV X (which can be observed
from the spread or dispersion of the pmf or the histogram or the

relative frequency graph). However, Var X does not have the same
unit as the RV X.

9.32. In finance, standard deviation is a key concept and is used
to measure the volatility (risk) of investment returns and stock
returns.

It is common wisdom in finance that diversification of a portfolio

of stocks generally reduces the total risk exposure of the invest-
ment. We shall return to this point in Example [11.67]

Example 9.33. Continue from Example 0.25 If the standard
deviation of exam scores is 12 points, the student with a score of
+7 with respect to the mean can think of herself in the middle of
the class. If the standard deviation is 3 points, she is likely to be
near the top.

Example 9.34. Suppose X ~ Bernoulli(p)! |Ex = 0x(1-) +1 = P

(a) E[X?] =0*%x (1—-p)+1*xp=p.
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S, =/plr-p

(b) Var X = B’} (EX)2 = p — p? = p(1 - p).
Alternatively, if we directly use ((17)), we have

VarX =E [(X —EX)*] =(0—p)*x (1—p)+ (1 —p)* xp
=p(l —=p)ip+ (1 —p))=p(-p).

Example 9.35. Continue from Example and Example [9.21]

Suppose X ~ P(a). We have For Poision RV
Var X = E [X*] — (EX)’ :@2+a>— o = a. Vs X = [EX
Ver X

e =1.
|

Therefore, for Poisson random variable, the expected value is the
same as the variance.

Example 9.36. Consider the two pmfs shown in Figure [I1} The
random variable X with pmf at the left has a smaller variance
than the random variable Y with pmf at the right because more
probability mass is concentrated near zero (their mean) in the
graph at the left than in the graph at the right. [9, p. 85]

p (&) p,ly)
Vo, X =2 # # Ve Y =3
[1/3 [ [ 1/3 [
1/6 1/6
li*é-“..i Iz” 210—1 2/
&.:_i-_- 2 éz_ &-——1-._)

Figure 11: Example [9.36|shows that a random variable whose probability mass
is concentrated near the mean has smaller variance. [9, Fig. 2.9]

9.37. We have already talked about variance and standard de-
viation as a number that indicates spread/dispersion of the pmf.
More specifically, let’s imagine a pmf that shapes like a bell curve.
As the value of oy gets smaller, the spread of the pmf will be
smaller and hence the pmf would “look sharper”. Therefore, the
probability that the random variable X would take a value that is
far from the mean would be smaller.
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The next property involves the use of ox to bound “the tail
probability” of a random variable.

9.38. Chebyshev’s Inequality:

2
P[X —EX|>a] <X

a2
or equivalently Oh=" O
P[|X —EX! > nox] < %
e Useful only when o > oy

Example 9.39. If X has mean m and variance o2, it is sometimes
convenient to introduce the normalized random variable

yoXom o (D)xd(2)) = axrb
o e e s
O b
EY = aEX+b = oom+b = Lom *(_:1) -0
0] c
O'T =\a] 6, =

-~ lato =L =1
(s

Definition 9.40. Central Moments: A generalization of the
variance is the nth central moment which is defined to be

pn =E[(X —EX)"].
(a) 1y = E[X —EX] = 0.
(b

) pe = 0% = Var X: the second central moment is the variance.
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